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The New Tamm-Dancoff method is a procedure for the approximate determination of dif-
ferences of eigenvalues in quantum field theory. This procedure can be formulated mathematically
in the framework of the theory of C*-algebras, especially in our case by using von Neumann’s
infinite tensor products. Calculational rules are presented for operators which obey the canonical
anticommutation relations. The concept of the CAR tensor product is introduced for the joint
treatment of a system algebra and the associated functional algebra. A conjugation is discussed
which will be needed for a proof of equivalence in II.

1. Mathematical Basis

The present paper prepares the discussion of the
New-Tamm-Dancoff-procedure (NTD-procedure) in
non-relativistic many-particle physics *. This NTD-
procedure permits the treatment of collective phe-
nomena by transformations with respect to macro-
scopically different ground states. These trans-
formations can be formulated within the math-
ematical context of C*-algebras, especially in our
case by the use of von Neumann infinite tensor
products. As these mathematical tools are quite
evident, but not generally in use, we collect the
main results of the theory in §1 taking into ac-
count the physical interpretations.

We will use extensively computational rules for
operators which obey the canonical anticommuta-
tion relations (CAR). In § 2 we present a calculus
simplifying these computations.

In addition to the usual creation- and annihila-
tion operators of the physical system under con-
sideration, the NTD-procedure makes use of crea-
tion- and annihilation operators of the so-called
functional algebra. In § 3 we explain how the sys-
tem and the functional algebra can be treated
together by using the CAR-tensor product.

* See: On the Mathematical Structure of the New-Tamm-
Dancoff-Procedure: II. Functional Quantum Mechanics
and the Equivalence with a Product of Schrédinger
Problems [9].

Reprint requests to Prof. Dr. F. Wahl, Institut fir Theo-
retische Physik, Universitat Tibingen, Auf der Morgen-
stelle, D-7400 Tibingen.

In the analysis of the NTD-procedure a conjuga-
tion in Fock space will appear. The main properties
of such conjugations are treated in §4; it will be
shown that the physical interpretation is the same
using the original or the conjugate system.

§ 1. Infinite Tensor Products and the CAR-algebra

Let the position- and spin coordinates constitute
the configuration space I'; e.g. I'=R3x {— 1}, 1}
for the case of spin 1/2 fermions. We also consider
bounded open subsets V of I, the so-called local
regions. One-particle quantum mechanics is formu-
lated by use of the Hilbert space L2(I") for the
global system and L2(V) for the local systems re-
spectively. For later discussions it is advantageous
also to consider finite-dimensional one-particle Hil-
bert spaces. For this purpose we start with the
spectral decomposition E (¢) (with energy &) of the
one-particle Hamiltonian of the local region V.
Given a fixed cut-off energy e, £ (go)L2(V) is the
Hilbert space including all state vectors for which
any single measurement of energy has a result < go.
This space is finite-dimensional for the physical
models relevant to our considerations.

In all three cases the one-particle Hilbert space €
(L2(I"), L2(V) or E (eo)L2(V)) is separable. Thus
we can find a complete orthonormal system (w,), ¢ 4~
in €. Here 4 is the set of the positive integers N
or some set {1,2,...,n}.

According to the Pauli principle, each one-particle
state of an orthonormal system can at most be oc-
cupied by one fermion. So we introduce for each w,
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0 1
the states ( 1) and ( O) which denote an occupied

or unoccupied one-particle state w, respectively.
They span a two-dimensional Hilbert space C,2.
We consider the spaces C,2, » € #” as Hilbert spaces
for the description of independent quantum me-
chanical systems with two degrees of freedom. The
collective description of all these systems is given
by a many-particle state vector

«
Y=g ( v) with |ay|24|By|2=1.(L.1)
veN ﬂ 14

The transition probability between two such states
is the square of the transition amplitude

<¥]/| gju> — H (av’ar” + Bl’lﬂl’ll) . (12)

veN

In the case #" =N the convergence of the infinite
product is not given in general. We can understand
this even from the physical point of view. Transition
amplitudes ==0 can only be expected between two
states, if they are essentially different for at most

;:) We fol-

low von Neumann [1] and choose a fixed reference
vector

v (2 s et

veN ﬂ”

For two state vectors

V=R (a:,> and

veN

a finite number of their constituents (

r-slf)

veN ﬂr”
with
(5:)-(5)-()
8 )= \6) "\ B

for all but a finite number of » € A", the product
(1.2) now becomes well defined. This product can
be extended sesquilinearly to the linear hull of
states of type ¥’ and ¥’ and it is positive definite
if state vectors with equal transition amplitudes
(to any other state vector) are identified. The com-
pletion of the pre-Hilbert space obtained this way
is — unfortunately, historically in contrast to the
space mentioned in (1.5) — called the incomplete

direct product space (IDPS) of the spaces C,2 with
respect to the reference vector ¥ and is denoted by

' 4
.%Q/:@sz.
veN

(1.3)

W. Feist + On the Mathematical Structure of the New-Tamm-Dancoff Procedure

An important special case is the Fock space. Here
we start with the reference vector

(o)
vE./VO’

Q=

the so-called ‘“‘bare vacuum”. The corresponding
IDPS £, is identical with the fermion Fock space
of Cook [2].

As was shown by von Neumann [1], the spaces
Hy and KAy are identical iff the corresponding
reference vectors ¥ and ¥’ are strongly equivalent,
i.e. if they fulfill the condition

Dl =o' — BBy | < 0. (1.4)

veN

The direct sum of all IDPS’s with respect to the

classes of strongly equivalent vectors is called the

“complete direct product space’:
H = @ H .

all strong
equivalence classes

(1.5)

Given a fixed IDPS 'y we consider the operators

1 0 1 0

v ={ _y)eely 1)
01 1 0

olg ofels 1o

1 0

oy 1)
0 0 1 0

®(1 0)®(0 1>®""

B
vth factor

(1.6)

(1.7)

a, has the meaning of an annihilation, a,* that of
a creation operator for the one-particle state w,.
It is easy to verify the canonical anticommutator
relations (CAR) for the operator families (ay),c 4
and (a'l’+)ve.4":

{au, ay*} = Oup I

{w, vy = {aut ayt} =0.
Thus they have the operator norms

laul = eyt =1 [3].

(1.8)

They generate a subalgebra of the algebra of all
bounded operators & (# ). The completion of this
subalgebra with respect to the operator norm is
denoted by Uy. If Sy is another IDPS and Uy
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the associated algebra, then Ay and Uy are canon-
ically isomorphic [4]. Therefore, Ay and Ay can be
considered as different representations of a fixed
C*-algebra 2, called the algebra of the canonical
anticommutation relations (CA R-algebra).

According to Klauder, McKenna and Woods [5],
two IDPS representations of I are unitarily equiv-
alent (i.e. they describe the same physical situation),
if the corresponding reference vectors satisfy the
condition

2|1~|&vav’+l§vﬂv’||<°°-

veN

(1.9)

Such vectors are called weakly equivalent. In the
case N/ =N there are still non-countable many
unitarily inequivalent representations of U describ-
ing macroscopically different physical phenomena.
For a fixed representation the observables of a
physical system are given by those selfadjoint oper-
ators, which can be approximated by elements of
Ay in the sense of strong resolvent convergence
[6, I]. They are called affiliated to the representation
Ay of A in #y. In the cases under consideration
these operators can be given by expansions of the
form
H=2 > 2 2 kb

meN neN u1,..., wm €N v1,..., vaE€N

cat +
@, ons B By, w0 By

(1.10)

Here convergence is considered pointwise with re-
spect to states from a suitable domain (for special
cases see [7]). The general treatment of operators
of type (1.10) needs further mathematical pre-
requisites which are not in the scope of this paper.

E.g. let us consider the number-operator needed
later

Z:=> ay ay.
veN

(1.11)

The series defining 2 can be applicated to any vector

- + +
Y= z Wos.. on By + v g, 52

MeEN 1<+ <pm

in Fock space, which satisfies

Z mzly),ux...#m |2<°°

meN 1<+ < pm

§ 2. Computational Rules for CAR-operators

The following calculus is motivated by the fre-

quent occurrence of operator products like a,,...a, :

Let 4 := (Ay)ucss B=(Bu) e --. be families of
operators in . The sum, scalar multiple, product,
and adjoint of such families are defined in com-
ponents, e.g. «a A + B := (e Ay + B Bu),c.4- Fur-
ther let I=(I)yes, 0=1(0)yer-

For an operator family 4 and a finite subset
MCHN let

AM = A, A

T umo

(2.1)

with g << p2<<--*< um being the indices of M in
their natural order.
With the definitions above we have for instance

(d + BH)M = (x4, + B

Myl llx)

“(d,,+Bl) ... (xd,,+ B}

fm ym) J

Expanding a state ¥ of the Fock space with respect
to the canonical orthonormal system associated with
the creation operator family a* = (a,*), ¢ 4 gives the
suggestive formula

V= > atMQatMQ| V). (2.2)

MCwW
M finite

The operator series (1.10) can be written
H = z hynatMaN

M,NCHN
M, N finite

2.3)

with the notation hayn := by, .. ynvi...vw
Calculations with CAR-operators frequently re-
quire the normal ordering of a product of the form
atMaN g+P The rules collected in the following are
useful for this purpose.
We still need for a finite subset

M={u,....um}CH
the power |[M| =m and, if N ={»1,..., v} C N
is another finite subset, the signum of the two sets
(0, if MAN=0,

signum of the permutation
necessary to transform

sign(M|N):={ U1y eos hms V1,5 Va,
in the natural order
1< < Om+n
L if MNN=9. (2.4)

Simple combinatorial calculations are used to prove

Lemma 2.1. (Calculation rules for the signum)

For finite subsets M, N, P C A the following re-
lations hold:
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sign (M| N) = (—1)M"Wlsign (N | M), (2.5a)
sign (M | P)sign (M U P|N)
—sign (M |NU P)sign(P|N),  (2.5b)

(0, (if MAN +0);
|N
ﬁ(_1)|(ﬂ€31|#>”:)|, with
sign (M |N) =4 7=1

N={v,...,va} and
1< < Vg

(if MAN=0).

(2.5¢)

Let us first consider anticommuting operators:

Lemma 2.2

Let (Ap)uen > (Bu)ye s be families of anticommuting
operators, i.e.
{Alu Av} = {Bu: Bv} = {Au, Br} =0

for all u,veN. (2.6)

Then for any finite M, N C N and for any 1€ C
the following relations are valid:

AM AN = sign (M | N)AMVY (2.7a)
A+ B = sign(M\N|N)A¥\¥ BN (2.7h)

NCM
(AAM = Ml gM (2.7¢)
(AM)+ = (— 1)HMIAMI=D) g+M (2.7d)
(AB)M = (— 1)}MIAMI-1) gym BM | (2.7¢)

Proof: Relation (2.7a) follows immediately from
the definition of the signum and from the anti-
commutation relations. The other rules are proven
by induction, for example: (2.7b) is valid for M = 0.

Then
(4+ BM' = (4 + BM(4,,,,+ B,,..)
= > sign(M\N|N)AM\¥ ¥
VM

' (Aﬂmﬂ + Bllm+1)
= 2 (sign(M\N|N)(—1)¥
NCM
“ AMA\N BN  sign(M\N | N)
: AM'\(NU{/Amu}) BNU{/umH)
= > sign(M'\N|N)A¥\¥ g~ 1}
NCM’
Similar rules hold for families of commuting op-
erators:

Lemma 2.3

Let the operators of the families (Ay),c and
(Bu) e commute with each other, i.e.

(A, 4] = [By, By] = [y, By] =0 (2.8)

for all u,ve N Then for any finite subset M, N C N
and any A€ C we have

(A4 BM= 3 AM\N BN, (2.9b)
NCM

(AAM = 1Ml gM (2.9¢)

(AM)+ = A+M, (2.9d)

(ABM = AM BM (2.9e)

Proof: In the same way as for Lemma 2.2.

Lemma 2.4. (CA R-families)

Let the operators (au), e 4 and (au*),c 4 fulfill the
canonical anticommutation relations

{aw, @} =0, {ay, 0y} = 0wl

If it holds for M = {u1,..., um} let for all u,veAN. (2.10)
M ={p1,..., um} VY {ms1}. Then for all finite subsets M, N :
aM g+N — (— 1)HeldeI-D+I3M\QIIN\Q| sign(M\ Q| Q) sign(QlN\Q)a+N\QaM\Q_ (2.11)
QCMNN

Proof: For finite M C 4" and N = 0 relation (2.11) is trivial. If (2.11) is valid for M and all P with
| P| =< n, we can apply the proposition of induction twice and get with

N' = {vl, Vo, ..

aMatd =
RCMAp} PCM\R)AN

ovas1} =} W {v2, ..., van} = {1} U N,
(— I)HRI(IRI—1)+1M\R[[("1)\R|+"z‘|P|(|P|—1)+|M\R\P|]N\Pl

(2.12)

-sign(M\ R| R)sign (R |{»1}\ R)sign(M\ R\ P| P)sign(P| N\ P)a*\Egq+N¥\PoM\R\P

In each term of the sum R can only be 0 or {»1}. We put @ := RU P. As RN P = 0, we have |Q| =

| R| + | P|. Then terms with R =0 are
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(— 1)IMI+3eIQI—D+IM\Q|IN"\Q\ (1} sign(M\Q| Q) sign (Q | N’\{vl}\Q)a+N'\QaM\Q

= (— 1)HeQldQI=D+M\QII¥\el (_ p)lel sign (M\ Q| Q) (— 1)lel sign(Q]N’\Q)a+N'\QaM\Q,

while terms with R = {»;} are

(2.13)

(— nEdel=-DaeI-2+[M\el[¥"\QI sign (M\ Q I Q\{»1}) sign (M \ {»} ] {n})

-sign (Q\{»1}| N'\{»1}\ Q) at¥\Qg¥\Q

= (— 1)%IQ!(IQI—1)+IM\QI IN’\QI(_ 1)IQ|—1 sign(M\Q] Q) (— 1)IQ|—1 sign(QlN\Q)a+N'\QaM\Q. (2.14)

All finite subsets @ C M N N’ are included by @ = RU P if RC M N {»1} and P C M N N. Therefore,
relation (2.11) is also valid for N’ and by induction for all M, NC 4. |}

If (@) pens @) ues and (bu)ecps (bu™),e s are anticommuting CAR-families, the following relations
can be deduced by using Lemma 2.2 and Lemma 2.4:

atPaMag+N = >
QCMAN
- q T (PU@\Q) gM\Q

(b+ + a)Ma+N = Z
PCM QCPNN
LpFM\P G +N\Q,P\Q

(—1)Hel1el—n+13N\QlI¥\Q sign (31 Q| Q) sign (Q| N\ @) sign(P| N\ Q)

(2.15)

(— 1)HeIAQI=DHIPAGIINACl sign (M \ P| P) sign (P\ Q| @) sign (Q| N\ Q)

(2.16)

If we have in addition a representation of the CAR-algebra with a vector £, which is a “vacuum” with

respect to the a,’s, i.e.

a,Q2=0 for all penN.

Then the following identities are valid:

[0, if M¢N,
aMa“VQ:l

a+PaM g+N O [0, if MLH,

b+ + a)MatN Q =
PCMANN
Let us introduce the following notation for the
frequently occurring operator series (2.3): (cu) e
and (dy),c 4 being arbitrary operator families, de-
fine

h(C, Cl) = Z Z hMN cMdN
MV NCHN
M finite N finite

(2.21)

(not regarding at present any possible convergence
problems). Especially for states of the Fock space

W= S pyatM0
MCW
M finite

we introduce the operator

p(b):= > yubM, (2.22)
MCWH
M finite

which in the case b,=a,* can be taken for the

“creation” operator of the state vector ¥.

(— 1)HMIAMI=D sjon (M | N\ M)a* "\ M Q, if MCN;

(2.17)

(2.18)

(2.19)

= J(— 1)MIAMI=D sign (M | N\ M) sign (P| N\ M)a+PYO\IDQ - if MCN;
(— 1)}HPIAPI=D sign (M \ P| P)sign(P| N\ P)b+M\Pqt¥\P Q.

(2.20)

We want to define the “inner product” of two
operator families 4= (4u)ucr, B=(Bu)yenr (M
finite subset of #7) by the operator

A-B:= z AuBy.
pneM
The following lemma is known as the Baker-Haus-
dorff formula:

(2.23)

Lemma 2.5

For a finite subset M C N let (ay),cars (@u™) e
be CAR-families and (by*), e 4 another family anti-
commauting with (@y) ez, (@u™) uesr- Then for the oper-
ator of the (finite) series

o

1
iat bt . __ -k “ C Z
gia ‘_kZO 7 ik (@t - b)k (2.24)
and every ve M
eia+.b+are—ia*‘b* = ay — ’ibv+ . (225)
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Proof: Let F(4) be the operator-valued, differ-
entiable function

F(l) c— ei).w‘-b"ave—ii.a“b+

with the real parameter 1 € R. Its derivative with
respect to 4 is

d . y
FF (A) = et*@* ¥ (ja+ - bta, —iayat-bt)
cemiatb . _ipe (2.26)

This ordinary differential equation with the initial
condition F (0)=a, has the unique solution

F(2) = ay — Aib,*. (2.27)

Putting 2 =1 leads to the assertion. [}

Let us finally note the following: If (ay),c 4.
(@)yess (B)yess (byt),ey are anticommuting
CAR-families and £ is a vector of a representation
of A with a,2=0 for all v € #, then for all oper-
ator functions A (b*, b):

ayh(b+, b) Q2 =0.
| t

(2.28)

In each term of k(b*,b), a, can be brought in front
of 2 to give 0, and factors (— 1) from commuta-
tions are irrelevant.

§ 3. The CAR Tensor Product

Let %, and %} be one-particle Hilbert spaces with
complete orthonormal systems (wy),ey- and (r;);.¢
respectively: e.g. %, can stand for the set of one-
particle states of the valence band (with index set
7" C A°) and % can stand for the set of conduction
band states (with index set ¥ C A#7). If the one-
particle system can choose between any of the
states in %, or %y, we describe the system by € =
%a @ €p with the complete orthonormal system

(Swpeyve = (w1,...,r1...).

We denote by g, Ap and A the CAR-algebras as-
sociated with %,, %» and % respectively, as con-
structed in § 1. The corresponding creation and an-
nihilation operators are (a,%),cy, (@),ey for the
(Wi)yeys (02%)iews (bi)ieg for the (r1);.e. and
(P pes s (Cu)ues for the (su),eyu e

The algebra for the joint measurement of observ-
ables of A and Ap is called the CAR-tensor product
Ay ® Up and is given by the following definition:

Definition 3.1
Ay & Wy is called a CA R-tensor product of Uy and
Ap, iff there are mappings
fa: g > U ® As,
for Up = U &® A

(3.1)
(3.2)
with the properties

(1) fa and fp are linear, multiplicative, isometric, and
fa(A%) = fa(A)*,  fo(B*) = fp(B)*
forall AeUy, BeUp. (3.3)
(i1) The images of the C A R-operators under the map-
pings fq and fp are anticommuting families:
{fa(ar), fo(b2)} = {fa(@s), fo(b2%)} = O;
ve? , AeZ. (3.4)
(iii) The images of the C A R-operators a,, ay*™ under
fa and by, b;+ under f, generate the C'A R-tensor
product :
Wa @ A = norm-completion
{{fal@r), falar*). fo(ba) (3.5)
fobat)|ve?’, Ae LU {I}).
(iv) The norm on Uq ® Wy is identical with the oper-
ator norm in every tensor product of representa-
tions.

With this definition we get the existence and uni-
queness of the CAR-tensor product algebra:

Theorem 3.2

The CAR-tensor product of the CAR-algebras g
and WAy is given by
U & Ap = A, (3.6)
with A being the C A R-algebra associated with € :=
ba D Cr.

Proof: Using the notations as above we define:

fa(a'v) = Cy, fa(“ﬁ) i=Cyt,
fally,)= Iy (ve¥); (3.7)
fo(ba) :=ca, fo(ba*):=cat,
fhly,) = Iy (AeZ). (3.8)

These transformations can be uniquely extended
to multiplicative and linear transformations on ¥,
respectively ;. Then f, and fp fulfill all conditions
of Def. 3.1. Conversely, given an algebra 9 fulfill-
ing all conditions of Def. 3.1, we define an isomor-
phism f from B to A by the linear and continuous
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extension of
f(fa(@y)) :==cy, [(fa(ar?)):=0c" (ve¥7);
ffo(ba)) =ca.  f(fo(ba*)) =cit (A€ )
and f(Ig) = Iy. Thus B and A are isomorphic. JI
Remark: From here on we will disregard the
difference between the image and inverse image of
the embedding isomorphisms f; and f; and simply
identify
(ve?),
(AeZ).

(3.9)
(3.10)

ay = fo(ay) = cy
by = fo(ba) = ¢

Now consider the Fock space representation on ',
of the algebra %, corresponding to the cyclic vec-
tor 2, and another arbitrary IDPS representation
on 3y, of Ay corresponding to the reference vec-
tor ¥,. Then the CAR-tensor product algebra
A, & Ap can be represented canonically on

Ho,® Hw,= Ha,ow
with cyeclic vector 2, ® ¥p by defining
(AQ B)(Xa® Xp) := AXa® BXy.
Let % e #y, and

A= Z agratEal €Ug,
K,LCY

B = Z BunbMbN €Uy .
M, NCZ
Then

AQ,® BX = kL Pun $2a @ bTM N L
KLcy MNCe

- 2 Z axratKal Byn
K, LCY MNCZ
SbMPN Q. D X

= AB(Q:® %), (3.11)

where we have used the identification mentioned
in the remark above.

§ 4. A Conjugation on Hilbert Space and its
Properties

In IT it will turn out that the New-Tamm-Dan-
coff system is equivalent to an eigenvalue equation
of the tensor product of the Hamiltonian with a
Hamiltonian conjugate to the original one. Here we
want to treat some aspects of the conjugation. As
is well known, conjugations are characterized by
the following

427

Definition 4.1
Let # be a Hilbert space.
a) A mapping N\: H# — H, ¥V — V2 is called a

(continuous) conjugation, if A is antilinear, in-
volutoric, and isometric:

@¥ + Br)2 =a¥Wr + pro,
poo —p, W] =¥
b) If A is a conjugation and A is an operator with
domain D (4) in H, we define
D(AL):=2(A)> and
ALYPL .= (AW)L forall PeD(4).

(4.1)

(4.2)

The following elementary properties of a conjuga-
tion are easily verified:

LX) = FTL
(use the polarisation identity)
(¢d +BB)2 =aAL + BB-, (4.4)
(AB)A = 42 B2

(4.3)

(no interchange of factors!)

IA=1. (4.6)

The following theorem is important for the physical
interpretation of the conjugate operator:

Theorem 4.2

If A is a selfadjoint operator with the spectral
resolution (B (A))iecr. then A2 is also selfadjoint and
its spectral resolution is (E(1)2)scr-

Proof: 42 is uniquely determined by the values
of the sesquilinear form
(P ALY
We have
CFL| ABEES = (P A5 = CAX| S
= [AdBMNX|P)

spectral
theorem

= [AdPE[(E () 1)%) .
Further, for ¥ e #

VY ieZ(A).

with

(4.7)

lim E(A)* VP4 =lim(E(A)P)> =W2, (4.8)
and, the same way
lim E(A)A2¥P4 =0. (4.9)

A—>—o00
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We further have

E(N*E(u)* = (B(A) Ew)*

=EMN2 if A<pu.  (410)

The properties (4.7)—(4.10) uniquely characterize
the spectral resolution of 42, see e.g. [8], p. 170
(7.11) and p. 181 (7.17). Therefore A2 is selfadjoint
with spectral resolution (E(4)%)icr- i

This theorem expresses the spectral properties of
A and A% being the same. So we can investigate
the properties of 42 instead of 4 to get the same
physical interpretation.

In the New-Tamm-Dancoff procedure (see 1I) a
mapping ¥ — P2 occurs with P2 = yp(ia)* 2 for
VY =wy(at)QeH,(€). Here we prepare the most
important formulae for this mapping:

Lemma 4.3
The mapping p(a*t)2 — yp(ia)*2 is a conjuga-
tion on the Fock space. The following relations hold

WA — Z (— 1)HMI(M]-1)

MCw
Py (—0) Mg+ M Q, (4.11)
a; b= (—iaf)(—1)7, (4.12)
al = (—iay) (— 1, (4.13)
(atMaN)b =qtMaN , if |M|+ |N| (4.14)

is even.
Here the sign-operator (— 1)% is given by

(—1)ZatMQ = (—1)Mlg+M O, (4.15)

Proof: Obviously /A is antilinear. I'or a finite
sum of basis vectors of the Fock space we have
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h = < > wm(ia)M)+Q (4.16)
MoAHN

= z Pag(— )M (— 1)HMIAA =D gem Q|
MCw

On these elements A is isometric, therefore A is
isometric on #, (%) at all. By use of (4.16) it is
easily verified that A is involutoric.

Let us prove (4.12). It is sufficient to show, that
the relation holds if applied to all elements (a+M Q)4

af 8 (@MQ)E = (af atM Q)

- ("I)MMHI)]MI(—i)""l“a;’a+M_Q

— (— 1)1+ DM )M+ 1) 1M1(M]=1)
Mgt (atM Q)2

= (—ia;])(—1)Z (atM Q)2 .

Analoguously (4.13) is shown. With these results we
get
(@MaN)e = (—iat)M (—ia)¥
- (— 1)HIMI+INDAMI+ N =1)
(= 1)IMI+INDZ

so especially for |M| 4 |N| even
(@Ma¥N)s =a*MaV . |
An immediate consequence of this is: The operator

H = z hynvatMaN = h(a*t, a)
M,NCWV
|M|+|N| even
has the conjugate

H: = Z hunvaMa™N =:h% (at, a). (4.17)
M,NCAH
|M|+|N]|even
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