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The New Tamm-Dancoff method is a procedure for the approximate determination of dif­
ferences of eigenvalues in quantum field theory. This procedure can be formulated mathematically 
in the framework of the theory of C*-algebras, especially in our case by using von Neumann's 
infinite tensor products. Calculational rules are presented for operators which obey the canonical 
anticommutation relations. The concept of the CAR tensor product is introduced for the joint 
treatment of a system algebra and the associated functional algebra, A conjugation is discussed 
which will be needed for a proof of equivalence in II.

I. Mathematical Basis

The present paper prepares the discussion of the 
New-Tamm-Dancoff-procedure (NTD-procedure) in 
non-relativistic many-particle physics*. This NTD- 
procedure permits the treatment of collective phe­
nomena by transformations with respect to macro- 
scopically different ground states. These trans­
formations can be formulated within the math­
ematical context of C*-algebras, especially in our 
case by the use of von Neumann infinite tensor 
products. As these mathematical tools are quite 
evident, but not generally in use, we collect the 
main results of the theory in § 1 taking into ac­
count the physical interpretations.

We will use extensively computational rules for 
operators which obey the canonical anticommuta­
tion relations (CAR). In § 2 we present a calculus 
simplifying these computations.

In addition to the usual creation- and annihila­
tion operators of the physical system under con­
sideration, the NTD-procedure makes use of crea­
tion« and annihilation operators of the so-called 
functional algebra. In § 3 we explain how the sys­
tem and the functional algebra can be treated 
together by using the CAR-tensor product.

* See: On the Mathematical Structure of the New-Tamm- 
Dancoff-Procedure: II. Functional Quantum Mechanics 
and the Equivalence with a Product of Schrödinger 
Problems [9].

Reprint requests to Prof. Dr. F. Wahl, Institut für Theo­
retische Physik, Universität Tübingen, Auf der Morgen­
stelle, D-7400 Tübingen.

In the analysis of the NTD-procedure a conjuga­
tion in Fock space will appear. The main properties 
of such conjugations are treated in § 4; it will be 
shown that the physical interpretation is the same 
using the original or the conjugate system.

§ 1. Infinite Tensor Products and the CAR-algebra

Let the position- and spin coordinates constitute 
the configuration space .T; e.g. r = U 3x { — 
for the case of spin 1/2 fermions. We also consider 
bounded open subsets V of jH, the so-called local 
regions. One-particle quantum mechanics is formu­
lated by use of the Hilbert space L2( r )  for the 
global system and L2(V) for the local systems re­
spectively. For later discussions it is advantageous 
also to consider finite-dimensional one-particle Hil­
bert spaces. For this purpose we start with the 
spectral decomposition E(s) (with energy e) of the 
one-particle Hamiltonian of the local region V. 
Given a fixed cut-off energy eo, E(eo)L2(V) is the 
Hilbert space including all state vectors for which 
any single measurement of energy has a result <  eo. 
This space is finite-dimensional for the physical 
models relevant to our considerations.

In all three cases the one-particle Hilbert space 
(L2{ r) ,L 2{V) or E(e0)L2(V)) is separable. Thus 
we can find a complete orthonormal system {wv)veytr 
in . Here J f  is the set of the positive integers N 
or some set {1,2, . . . ,n ) .

According to the Pauli principle, each one-particle 
state of an orthonormal system can at most be oc­
cupied by one fermion. So we introduce for each wv
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the states and | I which denote an occupied

or unoccupied one-particle state V)v respectively. 
They span a two-dimensional Hilbert space Cy2. 
We consider the spaces Cj>2, v e jV as Hilbert spaces 
for the description of independent quantum me­
chanical systems with two degrees of freedom. The 
collective description of all these systems is given 
by a many-particle state vector

with k | 2+ |& |2=  1.(1.1)
ve^XPvJ

The transition probability between two such states 
is the square of the transition amplitude

<¥"| ¥>"> =  n  (ä rW  +  ßv'ßv") . (1.2)
vgJT

In the case J\T =  N the convergence of the infinite 
product is not given in general. We can understand 
this even from the physical point of view. Transition 
amplitudes 4=0 can only be expected between two 
states, if they are essentially different for at most

a /  
,ßr

low von Neumann [1] and choose a fixed reference 
vector

' a /
vejV\ßv ,

a finite number of their constituents . We fol-

+  \ß '\

For two state vectors

=  ®  and y " = ® r : it

with

u -  - u  - U '\P r J \P V / \Pv

for all but a finite number of v e jV, the product 
(1.2) now becomes well defined. This product can 
be extended sesquilinearly to the linear hull of 
states of type W' and W  and it is positive definite 
if state vectors with equal transition amplitudes 
(to any other state vector) are identified. The com­
pletion of the pre-Hilbert space obtained this way 
is — unfortunately, historically in contrast to the 
space mentioned in (1.5) — called the incomplete 
direct product space (IDPS) of the spaces Cp2 with 
respect to the reference vector W and is denoted by

=  (g) C,2. (1.3)

An important special case is the Fock space. Here 
we start with the reference vector

vejV

the so-called "bare vacuum". The corresponding 
IDPS J f  ß is identical with the fermion Fock space 
of Cook [2].

As was shown by von Neumann [1], the spaces 
xp and \p' are identical iff the corresponding 

reference vectors W and W  are strongly equivalent, 
i.e. if they fulfill the condition

ßv ßv2  | 1 - a ,  a /
» e /

<  oo . (1.4)

The direct sum of all IDPS's with respect to the 
classes of strongly equivalent vectors is called the 
"complete direct product space":

0  J f v .
all strong equivalence classes

(1.5)

Given a fixed IDPS we consider the operators

av =
1 0 
0 - 1 (1.6)

and

av+
1 0 
0 - 1 (1.7)

vtli factor
av has the meaning of an annihilation, av+ that of 
a creation operator for the one-particle state V)v. 
I t  is easy to verify the canonical anticommutator 
relations (CAR) for the operator families {ap)vejr  
and (av+)veJr :

{%, dv+) =  <5nvl\
{au, ar} =  {aß+, av+} =  0. (1.8)

Thus they have the operator norms

K II =  H +ll =  i [3].
They generate a subalgebra of the algebra of all 
bounded operators The completion of this
subalgebra with respect to the operator norm is 
denoted by If is another IDPS and 2V
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the associated algebra, then 2V and 21.j/< are canon- 
ically isomorphic [4]. Therefore, and 91 y  can be 
considered as different representations of a fixed 
C*-algebra 21, called the algebra of the canonical 
anticommutation relations (CAR-algebra).

According to Klauder, McKenna and Woods [5], 
two IDPS representations of are unitarily equiv­
alent (i.e. they describe the same physical situation), 
if the corresponding reference vectors satisfy the 
condition

vzJT
(1.9)

Such vectors are called weakly equivalent. In the 
case AT =  N there are still non-countable many 
unitarily inequivalent representations of 21 describ­
ing macroscopically different physical phenomena.

For a fixed representation the observables of a 
physical system are given by those selfadjoint oper­
ators, which can be approximated by elements of 
21̂  in the sense of strong resolvent convergence 
[6,1]. They are called affiliated to the representation 
2Iy of 2t in 34? In the cases under consideration 
these operators can be given by expansions of the 
form

^  =  2  2  2  2me N ne RJ i n , / i m eJT »1,..., v„ejV
(1-10)• i

Here convergence is considered pointwise with re­
spect to states from a suitable domain (for special 
cases see [7]). The general treatment of operators 
of type (1.10) needs further mathematical pre­
requisites which are not in the scope of this paper.

E.g. let us consider the number-operator needed 
later

: =  2  av+ civ • 
ve^r

(1.11)

The series defining 2t can be applicated to any vector

mehJ m<---<fim

in Fock space, which satisfies

2  2  m2lwi.../<m l2< 00 •W»eN /il <-"</im

§ 2. Computational Rules for CAR-operators

The following calculus is motivated by the fre­
quent occurrence of operator products like a * ... a^m:

Let A :=  ( A p ) ^ B  =  (B^^ejr, ... be families of 
operators in 21. The sum, scalar multiple, product, 
and adjoint of such families are defined in com­
ponents, e.g. ccA +  ß B :=  (olA  ̂-j- ßBß)liet/y. Fur­
ther let I = ( I ) lteAr, 0 = ( 0 ) ^ .

For an operator family A and a finite subset 
M C J f  let

AM A, (2.1)

with //2<  * •'<  fJ-m being the indices of M in 
their natural order.

With the definitions above we have for instance
(aA +  B+)M =  (clA^ +  B+)

(*AMt +  B Z )...(*A Mm+ B i

Expanding a state W of the Fock space with respect 
to the canonical orthonormal system associated with 
the creation operator family a+ — (au+)fl gives the 
suggestive formula

2  a+MQ(a+MQ j«//). 
ai q^t 
m finite

The operator series (1.10) can be written

//  =  J  h>MN a+M aN
M.NCJr m, n finite

(2.2)

(2.3)

with the notation Kmn '■= hMliii(lm)riiii,( .
Calculations with CAR-operators frequently re­

quire the normal ordering of a product of the form 
a+man a+p The rules collected in the following are 
useful for this purpose.

We still need for a finite subset
M =  {fi 1 ,..., /um} Q AT

the power \M\ =  m and, if N =  {vi, ..., vn} C AT 
is another finite subset, the signum of the two sets

'0 ,  if i f  n  iV 0,
signum of the permutation 
necessary to transform 

f^m, v i , . . . ,v n , 
in the natural order 
f>l <  ' • • <  Qm+n
if M n  N =  0. (2.4)

sign (M j N) : =

Simple combinatorial calculations are used to prove

Lemma 2.1. (Calculation rules for the signum)
For finite subsets M, N, P  Q AT the following re- 

lations hold:



sign (1 /1IV) =  ( -  1)1̂ 1-1*1 sign {N \ M ), (2.5a) Then
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sign (M | P) sign {M u  P  | N)
=  sign ( if  | N u  P )s ign (P |A ), (2.5b)

'0, ( i f i f n A  +  0);
I A" I

sign ( if  | N) = 7 = 1
N =  {vi, . . . ,v n} and 
Vi <  ■'' <  Vn;
(if M n N  =  Q). (2.5c)

Let us first consider anticommuting operators: 

Lemma 2.2

Let {Aß)ß e%/y, {Bß)fl£_Arbe families of anticommuting 
operators, i.e.

{Aß, Av} =  {Bß, Bv} =  {Aß, Bv} =  0
for all i i ,v e J f .  (2.6)

Then for any finite M, N Q J\T and for any X e C 
the following relations are valid:

AMA» =  sign{M\N)AMv » , (2.7 a)

(A +  B)M =  ^  sign(M \N \N )A M\ NB ", (2.7b)
N£M

(2.7 c) 

(2.7 d) 

(2.7 e)

{AM)+ =  (— \)*\M\(\M\~VA+m , 

(AB)M — (—l)*\M\i\M\-VAMBM.

Proof: Relation (2.7a) follows immediately from 
the definition of the signum and from the anti- 
eommutation relations. The other rules are proven 
by induction, for example: (2.7 b) is valid for M =  0. 
If  it holds for M =  {/xi, . . . ,  jum} let

M' =  {(Xi, . . . ,  jum} u  {flm+1}.

(A +  B)M> =  {A +  B)M(A,m+1 +  Bßm+1)

=  2  sign(M \N \N )A M\ NB*
N£M

' M/im + l +  1) 
=  2  (sign ( if  \  A | N) (— 1)IA'

N£M
• B* +  sign (M \N  | N)
• AM'\(NV{l*m+1}) ßN U{/Wl)

=  2  sign(M '\N \N )A M'\ NB » .U

Similar rules hold for families of commuting op­
erators :

Lemma 2.3
Let the operators of the families {Aß)txê r  and 

commute with each other, i.e.
[Aß ,A ,] =  [Bßi Bv] =  [Aß, Bv] =  0 (2.8)

for all ju, v e -V. Then for any finite subset M, N QjV 
and any X e C v;e have

(A +  B)M =  2  BN , (2.9b)

=  (2.9c)
(AM)+ =  A+M, (2.9d)

{AB)M =  AM BM. (2.9 e)

P roof: In the same way as for Lemma 2.2.

Lemma 2.4. {CAR-families)
Let the operators {aß)fiejr  and {aß+)ßejr  fulfill the 

canonical anticommutation relations
{aß, av} — 0, {aß , av+} =  ößV I  
for all fx, v e AT.

Then for all finite subsets M ,N :

(2.10)

Q£MnN
(2-11)

P roof: For finite M Q J f  and N =  0 relation (2.11) is trivial. If (2.11) is valid for M and all P  with 
| P  | ^  n, we can apply the proposition of induction twice and get with

N' =  {vi, V2,...,Vn+l} =  {n} U {v2, ...,Vn+i} =  {l>i} U N, 
aMa +N'=  2  2  (— 1 )* |Ä|<|B! -1)+ \Ä| IWXÄI + i 1 J»| (1̂ 1 -1)+|Af \Ä\J>| (2.12)

R^Mnin} P£{M\R)r\N
■sign{M\R\R)sign{R\{v1} \R )s ig n { M \R \P \P )s ig n { P \N \P )a + ^ \Ra+N\ p aM\ R\ p .

In each term of the sum R can only be 0 or {n}. We put Q :=  R u  P. As R r\ P  — 0, we have =  
|Ä | +  |P | .  Then terms with R =  0 are



(_  + Q) s i g n [

while terms with R =  {vi} are
(_l)*(IOI-i)(IOl-2)+|Jf\0||^\0| sign(M \Q \Q \{v1})sign(M\{v1}\{v1})

' sign (ö \{ yi} | N '\{vi}\Q) a +N'\Q aM\ Q 
=  (— — i)IQI-i sign(M \Q | Q)(— 1 )1 9 1 sign(Q \ N\Q) aM\®. (2.14)

All finite subsets Q Q M n  N ' are included by Q =  R U P  if R Q M n  {n} and P  Q M n  N. Therefore, 
relation (2.11) is also valid for N ' and by induction for all M, N C AT. | |

If an<i  (b,1+)fiejy are anticommuting CAR-families, the following relations
can be deduced by using Lemma 2.2 and Lemma 2.4:

a+paMa+N =  T  ( - l)*m\Q\-i)+\M\Q\l*\QI sign(M\Q\Q) sign(£| N \Q) sign(P |N \Q )
Q£Afr>N
. a +(Pu(N\Q))aM\Qf (2.15)

(6++ «)**«+* =  2  2  ( - l ) ilel(l0|- 1)+|p\ QI|jy\ QI sign(M \P \P)sign(P \Q \Q )sign(Q \N \Q )
PQM QQPnN

. b + M \Pa + N\QaP\Q (2.16)

If we have in addition a representation of the CAR-algebra with a vector Q, which is a "vacuum" with 
respect to the aß's, i.e.

aßQ =  0 for all peAT. (2.17)

Then the following identities are valid: 
M (0, if M%N,

am a+nq =  \ ( - i ) i m m - i ) bigp {m\n \ m )a + n \m q i if m q n -  ( 8)

v )0, if M $ N , (2.19)
a+PaMa+NÜ=  \ ( - l ) m \m - i ) s i^ ( M \N \M ) a g a { P \N \M ) a +<p^ N\ ^ Q ,  if M Q N ; 

(b+ +  a)**a+*Q= 2  (— 1)~*'p'('p '-1) s ign (il/\P | P) s ig n (P \N \P )b +M\ p a +N\ p Q . (2.20)
P£MnN ___________________________________________

Let us introduce the following notation for the We want to define the "inner product" of two 
frequently occurring operator series (2.3): (cß)ltej r  operator families A =  (Aß)/ieM, B = (B ß)fleM (M 
and (dß)/ieJr being arbitrary operator families, de- finite subset of AT) by the operator

fine A - B : = ^ A ßBß . (2-23)
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h(c, d ) :— 2  2  hMNCMd* (2.21) ' mTm
The following 
dorff formula:

ai finite .v finite The following lemma is known as the Baker-Haus-

(not regarding at present any possible convergence
problems). Especially for states of the Fock space Lemma 2.5

2  tfMa+MD F°r a finite subset M Q AT let {aß)fieM, (<V%6j/
M£jr be CAR-families and (bß+)tiej~ another family anti­

commuting with (aß)ßeM, (afl+)/ileM. Then for the oper-
we introduce the operator ator of the (finite) series

?(*) (2.22) eia, . b+ ;=  |  1 ik{a+. b+)k {2:U)
Äffinitc * = 0

which in the case bß =  aß/  can be taken for the aw® every veM
"creation" operator of the state vector W. eia+' b+ave~ia+'b+ =  av — ibv+ . (2.25)
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Proof: Let F(X) be the operator-valued, differ­
en tia te  function

F{X ):=eiXa+-b+a ,e - iXa*-b+

with the real parameter X e IR. Its derivative with 
respect to X is

( i X ^ )  =  eUa+,b+{ia+ • b+a, -  iava+ • b+) 
. e-iXa*-b*=  _ i b v+. (2.26)

This ordinary differential equation with the initial 
condition F  (0) =  av has the unique solution

F(X) =  av -  Xibv+. (2.27)

Putting X =  1 leads to the assertion.
Let us finally note the following: If (av)vejr , 

{av+)vejr> (bv)VBjy, {bv+)vejs are anticommuting 
CAR-families and Q is a vector of a representation 
of 21 with avQ — 0 for all v e / ,  then for all oper­
ator functions h(b+, b):

avh(b+,b)Q =  0. (2.28)
L_______ t

In each term of h(b+, b), av can be brought in front 
of Q to give 0, and factors (— 1) from commuta­
tions are irrelevant.

§ 3. The CAR Tensor Product

Let 'a and be one-particle Hilbert spaces with 
complete orthonormal systems [wf)vefr and 
respectively; e.g. %'a can stand for the set of one- 
particle states of the valence band (with index set 
y  Q JT) and 9>b can stand for the set of conduction 
band states (with index set SPQ Jf). If the one- 
particle system can choose between any of the 
states in <tfa or 9fb, we describe the system by =  
^a ©  %b with the complete orthonormal system

— > • • • > rl • • ■) •

We denote by and 51 the CAR-algebras as­
sociated with tfa, %b and 9? respectively, as con­
structed in § 1. The corresponding creation and an­
nihilation operators are (av+)yeir, (av)vê  for the 

(b>.+)?.ey ,  (bx)xe& for the (r;>);€^ ,  and
{Cß+)peJ', M p e ^ 'f »  the M peryj*-

The algebra for the joint measurement of observ- 
ables of and is called the CAR-tensor product 

® and is given by the following definition:

426

Definition 3.1

31& is called a CAR-tensor product of and 
iff there are mappings

fa : (3.1)
fb' « 6 ( 3 . 2 )

with the properties
(i) fa and ft are linear, multiplicative, isometric, and

fa(A+) =  fa(A)+, fb(B+) =  fb{B)+
for all A eK a, B e% b. (3.3)

(ii) The images of the CAR-operators under the map­
pings fa and fb are anticommuting families:

{fa(av), fb(ba)} =  {fa((b), h(bx+)} =  0;
ve-T , Xe& . (3.4)

(iii) The images of the CAR-operators av, av+ under 
fa and bx, bxh under fb generate the CAR-tensor 
product:

5(a (x) =  norm-completion
■<{fa(av),fa(av+) ,fb(b;.), (3.5) 
fb( b ^ ) \ v e r ,  X eJ?}u{I}> .

(iv) The norm on 3fa ® %b is identical with the oper­
ator norm in every tensor product of representa­
tions.

With this definition we get the existence and uni­
queness of the CAR-tensor product algebra:

Theorem 3.2
The CAR-tensor product of the CAR-algebras %a 

and is given by

=  (3-6)

icilh IH being the CAR-algebra associated with : =

P roof: Using the notations as above we define: 

fa (civ) -=CV, fa (av+): =  cv+, 
fa(hu )= I%  ( v e r y ,  (3.7)

fb(bA):=Cx, fb(b*+) :=  cA+,
fb(hu) =  Ai (XeJ?). (3.8)

These transformations can be uniquely extended 
to multiplicative and linear transformations on 2Ia , 
respectively . Then fa and fb fulfill all conditions 
of Def. 3.1. Conversely, given an algebra 93 fulfill­
ing all conditions of Def. 3.1, Ave define an isomor­
phism / from 93 to by the linear and continuous
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extension of
f(fa(av) ) := c v, /(/«(«,+)) :=c„+ ( v e r y ,
f(fb(bx)) =  c ,, /(/»(&*+)) =  cA+ (Ae J2f) 

and f(I%) =  i- Thus 33 and 21 are isomorphic. | |

R em ark : From here on we will disregard the 
difference between the image and inverse image of 
the embedding isomorphisms fa and ft, and simply 
identify

ap =  fa (av) =  cv (ve-T), (3.9)
bx = fb {bx) =  c;. (X e& ). (3.10)

Now consider the Fock space representation on Pa 
of the algebra 2ta corresponding to the cyclic vec­
tor Qa and another arbitrary IDPS representation 
on J f  <yb of 21 & corresponding to the reference vec­
tor Wb- Then the CAR-tensor product algebra 

® can be represented canonically on

with cyclic vector Qa ® f b  by defining 

{A ® B)(Xa®Xb) :=  A Xa ®BXb. 

Let X eJfV , and

B =  2  ßMNb+Mb» g2U.

Then

AQa ® BX — 2  2  *KLßMNQa®b+Mb»X

=  2  2  *KLa+KaL ßMN

•b+Mb»Qa ®X 
=  AB(Qa ® X), (3.11)

where we have used the identification mentioned 
in the remark above.

§ 4. A Conjugation on Hilbert Space and its 
Properties

In II it will turn out that the New-Tamm-Dan- 
coff system is equivalent to an eigenvalue equation 
of the tensor product of the Hamiltonian with a 
Hamiltonian conjugate to the original one. Here we 
want to treat some aspects of the conjugation. As 
is well known, conjugations are characterized by 
the following

Definition 4.1

Let J f  be a Hilbert space.
a) A mapping A: ^ , W Wa is called a 

(continuous) conjugation, if A antilinear, in- 
volutoric, and isometric:

(a W + ßX )A=ä.W A + ß X A,
WAA =  W, 1 1 ^  II =  ||!F||. (4.1)

b) If A i-s a conjugation and A is an operator with 
domain Q)(A) in J f ,  we define

® (AA) \=  $  (A)A and
^  aii W e^(A ). (4.2)

The following elementary properties of a conjuga­
tion are easily verified:

(WA\XA) =  (¥JX ) (4.3)

(use the polarisation identity)
(<kA +  ßB )A =  ä A A +  ß B A, (4.4)

(AB)A =  A ABA (4.5)

(no interchange of factors!)
/ A =  7. (4.6)

The following theorem is important for the physical 
interpretation of the conjugate operator:

Theor ein 4.2

If A is a selfadjoint operator with the spectral 
resolution (E(k))?.em, then A A is also selfadjoint and 
its spectral resolution is (E(X)A)xe R.

P roof: A A is uniquely determined by the values 
of the sesquilinear form

a  a x a> with W, X e 3  (A).

We have
<wA \A Ax Ay =  \(AX)Ay =  (A X \f>

spectral theorem
=  (4.7) 

Further, for W e J f
lim E(X)AWA =  lim (E(a) W)a =  XF A, (4.8)

/ — OO /. —> OO

and, the same way
lim E(/l)a Wa =  0. (4.9)

/ —► — oo
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E(X)AE(/u)A =  (E(X)E(tf)A
=  E(X)A if X ^ f i .  (4.10)

The properties (4.7) —(4.10) uniquely characterize 
the spectral resolution of A A, see e.g. [8], p. 170 
(7.11) and p. 181 (7.17). Therefore A A is selfadjoint 
with spectral resolution (E (X)A)xeu . -

This theorem expresses the spectral properties of 
A and A A being the same. So we can investigate 
the properties of A A instead of A to get the same 
physical interpretation.

In the New-Tamm-Dancoff procedure (see II) a 
mapping W ¥/a occurs with ¥/A =  xp(ia)+Q for 
W =  ip(a+)Ü EJfi}((if). Here we prepare the most 
important formulae for this mapping:

Lemma 4.3

The mapping xp(a+)Q i—> ip(ia)+Q is a conjuga­
tion on the Fock space. The following relations hold

xpA=  J  (— l)W (W - i)

'ipM {-i)W a+MQ, (4.11)

a + A =  ( - i a +  ) ( - i ) 3r, (4.12)

a* =  { - i a ß) { - ! ) * ,  (4.13)

(a+M aN)A =  a+M aN, if \ M | +  | N | (4.14) 
is even.

Here the sign-operator (—I)'2' is given by

( - 1  )*a+M Q = (_1 )W  a+MQ. (4.15)

P roof: Obviously A is antilinear. For a finite 
sum of basis vectors of the Fock space we have

F . Wahl e t  al. • On the 

We further have WA= (  2  W(i<*)M\ + G (4.16)
\m )

=  2  v i# ( - i) ,Jf|( - l ) * |,f|<|3f|- 1>«+J' f l .

On these elements A is isometric, therefore A is 
isometric on J f 0 (9>) at all. By use of (4.16) it is 
easily verified that A is involutoric.

Let us prove (4.12). It is sufficient to show, that 
the relation holds if applied to all elements (a+MQ)A

aß A(a+M Q)A =  {a+a+M

=  (_ l)i< M + D M (_ i)M  + l ( _  ^ i|Jf |( |lf |-l)
• »1̂ 1 {a+M 

=  ( - i a + ) ( - \ ) 2r(a+MQ)A.

Analoguously (4.13) is shown. With these results we 
get

(a+MaN)A =  ( -  ia+)M{- ia)N

so especially for \M\ -j- \N\ even 
(a+M aN)A =  a+M aN. | |

An immediate consequence of this is : The operator
H =  2  ^MNd+MaN =  h(a+, a) 

M,y g^r|3/| + |AT| even
has the conjugate

Ha =  2  ^MNa+MaN = : h A(a+,a). (4.17)
M,N 

|il/| + |iV| even
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